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Finite Element Analysis of Poroelastic Composites

Undergoing Thermal and Gas Diffusion
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A theory for time-dependent thermal and gas diffusion in mechanically time-rate-independent aniso-
tropic poroelastic composites has been developed. This theory advances previous work by the latter two
authors by providing for critical transverse shear through a three-dimensional axisymmetric formulation
and using it in a new hypothesis for determining the Biot fluid pressure-solid stress coupling factor. The
derived governing equations couple material deformation with temperature and internal pore pressure
and more strongly couple gas diffusion and heat transfer than the previous theory. Hence, the theory
accounts for the interactions between conductive heat transfer in the porous body and convective heat
carried by the mass flux through the pores. The Bubnov Galerkin finite element method is applied to the
governing equations to transform them into a semidiscrete finite element system. A numerical procedure
is developed to solve the coupled equations in the space and time domains. The method is used to simulate
two high-temperature tests involving thermal-chemical decomposition of carbon-phenolic composites.
Compared to measured data, the results are accurate. Moreover, unlike previous work, for a single set
of poroelastic parameters they are consistent with two measurements in a restrained thermal growth test.

Nomenclature
C, = heat capacity
degree of processing
elastic strains
e; total strains
R heat enthalpy
heat of reaction
= gas bulk modulus
= permeability matrix
Biot’s material constant
W, = molecular weight
. = gas mass increment per unit bulk volume
; elemental shape functions
pore pressure
= heat flux vector
universal gas constant
absolute temperature
radial and axial displacement components
average gas velocity
a; = Biot’s material constants; pressure—stress coupling
factors

. = thermal expansion coefficient of gas

; thermal expansion coefficients of solid
unjacketed compressibilities
gas volume increment per unit bulk volume
= total gas volume increment per unit bulk volume
= thermal conductivity matrix
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I = gas viscosity
Pe gas density

Poroc = density of processed solid
ps = solid density

Pviy = density of virgin solid

T = total stresses

¢ = porosity

I. Introduction

OROELASTICITY has been applied to numerous prob-

lems in which a fluid, diffusing through a deformable
solid, influences the mechanical behavior in a coupled manner.
The most common applications involving solid deformation
are in geotechnical engineering.' Problems coupling fluid dif-
fusion to thermal or electronic diffusion have also been solved
within a rigid matrix. Such problems feature two independent
field variables, namely, temperature and pressure. Raising the
level of complexity to three or more independent field varia-
bles, material deformation has been coupled to gas and thermal
diffusion in the study of a high-temperature thermal insulation
material by Sullivan® and Sullivan and Salamon,? from which
this work is launched, and Weiler.*

The theory is founded upon that of Biot,> who developed
constitutive relations for the elastic behavior of saturated, iso-
tropic porous soils, and Biot and Willis,® who expanded them
to include anisotropy. Their theory provides a mathematical
model for the mechanical behavior of the bulk material by
phenomenologically linking the interaction between the solid
and fluid phases in the sense of mixtures. Nur and Byerlee’
discussed the concept of effective stress and defined an effec-
tive stress law for isotropic, fluid-filled porous materials. Car-
roll® further developed the effective stress law for anisotropic
porous materials and Kurashige® reported an anisotropic, ther-
moelastic formulation. All of these formulations are for treat-
ment of geomaterials.

The class of problems treated here involves an evolutionary
process in time during which solid deformation, pore pressure
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(caused by diffusing gases) and change in temperature in
poroelastic bodies interact. In general, the process may involve
fluid mass generation associated with conversion of a solid
from a virgin state to a processed state driven by a change in
energy level in a control volume through which mass and en-
ergy flux may transfer. In particular, the present application
deals with thermally activated, chemical decomposition of
carbon—phenolic composite material used in rocket liners. The
theory is more general and may have other applications.

Carbon—phenolic is a polymeric material that chemically
decomposes into solid carbon (char) and pyrolysis gases when
exposed to high temperature. Initiating at an exposed surface,
a char layer forms, governed by chemical reaction kinetics,
and advances into the material lagging the thermal front. The
solid carbon left behind has a porous structure that permits
generated process or decomposition gases to escape. This con-
vective action assisted by a low thermal conductivity of char
insulates the interior virgin material from heat. Hence,
carbon-phenolic is suitable for high-temperature insulation
applications.

This article advances the theory in Refs. 2 and 3 by 1) cre-
ating a model for nonuniform, thermal convective fields; 2)
developing the coupled, three-dimensional, axisymmetric finite
element formulation for anisotropic, axisymmetric structures
in a general form; and 3) employing a new empirical, but
physical form for Biot’s pressure—stress coupling factor. It
then uses this formulation to simulate two high-temperature
tests done by Stokes,'® and, after determining a consistent set
of poroelastic parameters, achieves excellent agreement with
the test data. The following sections cover the theory and finite
element formulation. Both contain new approaches that are
applied to experiments on decomposing carbon phenolic spec-
imens.

II. General Theory

The problem is first formulated in a Cartesian frame and
then set into cylindrical coordinates (r, 8, and z) such that r is
the radius of a cylinder and z is the generator normal to the r,
6 plane, where 6 is the angle of rotation about z. Axial sym-
metry is invoked by subjecting all fields () to the constraint
3(-)/36 = 0. The resultant degrees of freedom are displace-
ments # and w in the r and z directions, respectively, pressure
p and temperature 7.

Material points are occupied by both solid and fluid, over-
laid in the sense of mixtures, and constitute the bulk material.
The porous solid is material devoid of fluid. Moreover, solid
and fluid refer to pure solid and pure fluid material, respec-
tively. Stresses are usually referenced to bulk area, hence, they
are termed effective. However any quantity denoted (-)° per-
tains to the pure solid; such stresses are referenced to pure
solid area. Pressure p is that in the pure fluid, i.e., herein the
gas.

Mass flux through the porous solid is assumed to be slow,
irrotational flow. Temperature at a material point is assumed
common to both the solid and fluid, hence, perfect heat transfer
occurs between them in a control volume. Heat transfer occurs
as conduction in the solid and as convection by diffusion of
the gas.

The theory is formulated to achieve a linear, time-marching
solution. Nonlinear expressions that arise are linearized.

A. Constitutive Equations

We consider a linear elastic material with ¢ and stiffness C
whose pores are saturated with gas under p, which is taken
positive for compression. The small elastic strain in the solid,
in terms of total and thermal strains, is ¢, = e/ — B;AT. Sim-
ilarly, the elastic pore fluid volume fraction change is { = £
+ ¢B,AT with a plus sign, because pore fluid-is lost under a
temperature increase at constant pressure. The semicomple-
mentary form of strain energy W (Ref. 11) is

W= %[Cijeiej — 2a,ep — (1/M)P2] (1)

from which 7; (solid plus fluid pressure referenced to the bulk

area) and ™ follow:
ow
n=5 = Gyl ~ BAT) — ap @)
o oW 1 tot
g = —g — ¢BgAT= Mp + ai(ei - BlAT) - d)ﬁ&AT
3)

where repeated subscripts are summed. Reduced indicial no-
tation, employed to represent tensorial quantities, will be de-
fined subsequently.

In Eq. (3), the coefficient M is determined through the iso-
thermal unjacketed test,’ and can be expressed in terms of
Biot’s coefficients o, and compressibilities §; as

K

M= g @)
b — $(B, + 8, + 8K, + adK,

where K, = —V(dp/oV); is at a constant temperature taken
positive for decreasing volume under compression. For an
ideal gas, K, ~ p and the last term in Eq. (3) varies as AT/T,
which at high temperatures will be small and may be ignored.

The compressibilities may be determined directly from the
unjacketed test, or by referring to Ref. 8

3
8= Si )
m=1

where §° denotes an elastic compliance of the solid phase ma-
terial. An alternative method is to first set «;, then use (see the
dissertation by Lee')

{8} = 1C,7'(1} = {aD) (6

where {1} is a column matrix with entries {11100 0}. Con-
versely, given {§;}, Eq. (6) may be inverted to determine {a;,}.
The alternative route is adopted here because the freedom to
determine « from experiment counters uncertainty in the val-
ues of the material constants during decomposition. Details are
in Ref. 12; a general development in Cartesian coordinates is
given by Weiler,’ and an alternative is given by Kurashige.’

Axisymmetric considerations. The most general material that
meets the axisymmetric constraint is monoclinic with material
symmetry about the r, z plane'” and is referred to here as r, z
symmetric. The elastic stiffness matrix for this material is writ-
ten (using the notation 1 = rr, 2 = 06,3 =77, 4 = 0z, 5 =
rz, and 6 = rf) as

Ch Co. Cs 0 Cs O
Cyn Cy 0 Cs 0
Cs 0 Gs O
Cl= 7
[C] Cu 0 Ci )
Sym Cs O
Cos

and the material has oy, = & = 0 and B, = B¢ = 0. For this
case, the constitutive Eq. (2) becomes

T ey — BT 291
T ey — BT a,
tot
75| _ ey — BT{ _ o3
KT Rk B2 I ®
Ts e — BT o

Te 4 l6°t 0
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where

tot __ tolL ot __ tot tot __ ot __
= =— e} +— ey =e5 =0

e ou
ar 0z 9z ar
)]

ou u ow ow
r

B. Momentum Equations

In cylindrical coordinates (r, 6, and z), the equations that
govern the motion of the porous, fluid-filled material caused
from external loads in the absence of body forces and under
quasistatic conditions are written as

an , 1om% 9

1
+=(rn—m)=
ar Troe e Tym T ™=0
or  Lom om 1o o "
or r 00 0z rT6 )= (10)

or r 060 0z

k] + 107, 07 1

Axisymmetric case. Under the constraints of axisymmetric
conditions (v = 0 and 3(-)/86 = 0), ey = es* = 0 from Eq. (9),
7, = Ts = 0 from Eq. (8), and the second equation in Eq. (10)
is automatically satisfied. Then the equations reduce to

ks 075 1
—+ =4+ -(r,— 1) =0
or dz r (mi ™)
(an
aT. aT: 1
P+ 2+ =0

ar ez r

C. Gas Diffusion Equation

The differential equation governing the flow of fluid through
the anisotropic porous solid skeleton, derived from the prin-
ciple of conservation of mass within a control volume, is

om, amE"
+ V(o) =—* 12
o () == (12)

gen

where m5™" > 0 is the mass generation term (m§" < 0 is the
mass consumed). On the left-hand side (LHS), the first term
is the storage term that represents the time rate of gas mass
inside the control volume and the second term is the diffusion
term that defines the flux of gas mass crossing the boundaries
of the control volume.

We assume p, constant during an incremental change in
time. Hence, it is treated as a parameter that is updated at each
numerical time step. The incremental change in gas mass per

unit bulk volume is obtained by multiplying {** by p,. There-
fore,
amg 9 é«lol
——=p, 13
5 =P (13

Hence, from Eq. (3), the mass storage term is written in
terms of pressure, strains, and temperature as

om, 1 ap de aT
=p |-t — (af + - 14
=, [M e CT IR SR R CEY

In the second term on the LHS of Eq. (12), the volume
average gas velocity components in cylindrical coordinates are
expressed by Darcy’s law for slow, irrotational flow as

v, = —(1/wk-Vp (15)
ki ke ks

k=|ks k, ki, (16)
k5 k4 k3

where Eq. (16) is the permeability matrix for an anisotropic
porous body.

The right-hand side (RHS) of Eq. (12) represents the rate of
increase in gas mass per unit bulk volume resulting from some
chemical conversion or phase change process, and this is equal
to the rate at which the solid phase gives up or takes in mass
per unit bulk volume. Mathematically

omg” ap,
ar ot an

where the solid density p, may be expressed as a linear func-

tion of ¢, as in Ref. 13, hence,
Ps = C1Pvirg + (1 - Cl)pproc (18)

in which ¢, is unity at the virgin stage and zero at the com-

pletely processed stage. Expanding Eq. (17) using the chain
rule,

ome™" dp, dc, de,
Tt iy~ ) 2 (19
o1 do, ar = "Pun T Ped Ty, (19

in which the rate of processing dc,/dt is defined in Sec. IV.A
by setting up a series of Arrhenius kinetic reaction equations
based on experimental data.

Substituting Eqgs. (14—16) and (19) into Eq. (12) gives

os (o o _ or
M (E)t) + pgai < at > pg(aiBi + (ng) (6t>

dc

1 1
+ (pvirg - ppmc) <—> - ng‘ (; kVP) =0 (20)

dt

where gas density is treated as a constant locally in space.
Equation (20) involves temporal and spatial derivatives of the
gas pore pressure and accounts for the changes in pore pres-
sure caused by chemical processing, temperature variations,
and solid deformations.

Axisymmetric case. The gas diffusion equation (20) is re-
duced for a monoclinic r, z-symmetric material in cylindrical
coordinates to

9 dJ ou d
&<—£> +pg—[a1——+azﬂ+a3—-w:
ar r

M \ ot at 9z
aw ou
+ as E + :9; — pay By + s + asfB; + asfs
oT de, 19 k, op
+ - + vir - roC. . - -
DB —- F (Pun — Porec) 7 pg{r o [r (u Py
ks 0, Jd (ks o k
+_5_p> +_<_5_P+_3§B =0 21
0z oz \p dor u 9z

where the coefficient M is obtained from Eq. (4), k; = k¢ = 0
for r, z-symmetric monoclinic materials and Egs. (9) under
axisymmetric conditions are employed.

D. Energy Conservation Equation

The equation of energy conservation that governs the bal-
ance of energy in a control volume is written as

oF oE*™"
—_ V.q =
ot at

(22)

where, on the LHS, the first term is the storage term that rep-
resents the rate at which energy is stored within the control
volume, and the second term is the diffusion term that defines
the flux of energy convecting through the control volume, and
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the RHS represents the rate at which energy is being generated
or consumed because of the process.

The rate of the energy stored in the control volume is the
sum of the rate of the energy stored in the solid and gas. The
first term of Eq. (22) may be expressed as

oF oT
E =[a - ({b)px(cp)s + d)pg(cp)g] (E) (23)

where the subscripts s and g stand for solid and gas, respec-
tively.

The energy diffusion term consists of two contributions: heat
conduction in the bulk solid and heat convection carried by
the gas flow through the pores:

q = qcond + qconv (24)

The heat conduction term can be written by the Fourier con-
duction law for anisotropic materials as

qcond = K VT (25)

where k is similar in form to Eq. (16). The convective heat
flux is A, times the gas mass flux p,v,, and is written as

Geonv = Nypgve ~ (Cp)opeveT (26)

where the final term is valid if the gas is assumed to be ideal.
Substituting Egs. (25) and (26) into Eq. (24) and taking the
divergence of the result gives

Veg = —V-(c-VT) = p(Cp),VT- (i k-Vp>
1
_ pghgv-<; k'Vp) @)

where the second and first forms of Eq. (26) are operated upon
to get the second and third terms, respectively, and Eq. (15) is
recalled. The reason for this juggling act is to strengthen cou-
pling between variables, yet, from intuition, circumvent non-
linearities where possible. Notably, the last term does not ap-
pear in Ref. 3 because gas velocity was assumed to be locally
constant. However, for the problems involving thermal gradi-
ents," both of these terms have a significant effect on the pro-
cess.

The energy density caused by the heat generated in the con-
trol volume is expressed by the product of p,.,, A and the
rate of the process dc,/dt as

9E®" dc;

ot = —pvirghR E? (28)

Substitution of Eqs. (23), (27), and (28) into Eq. (22) yields
oT
[(1 - ¢)P:(Cp)s + ¢pg(cp)g] —é—t— - V(KVT)

1 1
= plC), VT <— k- Vp) = phV- <~' k- VP)
H H

de,

s 0 (29)

+ pvirghR

In the energy conservation equation (29), both pressure and
temperature are independent variables. The nonlinear term
(third term) can be linearized by choosing either pressure or
temperature as a variable parameter and this choice is dis-
cussed after Eq. (32).

Axisymmetric case. The energy conservation equation (29)
for the axisymmetric case in cylindrical coordinates is written
as

de,

dt

19 , 6T+ oT d 8T+ oT
-z K — 4 e _ 2 il el
ror "or % 9z 0z s ar s dz

k, 9 ks op\ oT
— p,(C,), |:<_1_p+.§_p>_+ (E?P_Jr’&iﬁ) g:l

d
5 ([(1 - d))ps(cp): + (bpg(cp)g]Tg) + pvirghR

mor wmaz/) or mor  poz) 9z
1 a ki 9, ks 9 9 (ks
—phg = | (R LER2) SR
r or m or n 9z dz \pn ar
k; 9
+—3—p> =0 (30)
n 0z

Because this equation employs the final term in Eq. (26), it
is restricted by the assumption of an ideal gas.

III. Axisymmetric Finite Element Formulation
The axisymmetric finite element equations are obtained by

successively applying the Galerkin method to Egs. (11), (21),
and (30) in the following form:

f N, (LHS_of_referenced_equation)r dA = 0 31
A

where A is the domain in the r, z plane.
The nonlinear, penultimate term in Eq. (30), namely,

k 9 ks 0 T
—p(C,)e _1_p+_5_e ﬂ—-l— /_(2%.{_&3_17 g
m or wm oz} or M oor M 9z) 0z

(32)

is linearized by choosing the spatial derivatives of temperature
as parameters since pressure is a more sensitive factor to the
processes studied. Then applying Green’s theorem, and inte-
grating Eqgs. (31) and (32) by parts,”” the following matrix
equation is obtained:

d
(€] @ {a} + [Kl{a} = {F} (33)
where
0 0 0 0
0 0 0 0
Cl =
[ ] Cpu pr Cpp CPT
0 0 0 Cpx
(34)
K. K. K, Kr
_ Kwu wa Kwp KwT
KI=1%" 0o k. o
0 0 Ky Knr

{F}=[Fu Fw Fp FT] {a}=[u w P T]
The elements of [C], [K], and {F} are explicitly written in
the Appendix.

It should be noted that the coupling term K7, does not appear
in Ref. 3. They treat the spatial derivatives of pressure as pa-
rameters that cause these terms to be deposited on the diagonal
of the [K] matrix rather than in the K, term. The preceding
formulation results in a more strongly coupled system of equa-
tions and is employed here.
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For integration over time, the variably weighted Euler nu-
merical method® is employed, which leads to

[Kel"{a}"™ = {Fe}" (35)
where
(K] = (VAHCT + 6[K]" — O[HY (36)
1
{(Fr}" = {F}" + [At" [Cl" — (1 ~ OIK]" — 0[H]”] {a}”

(37

and the superscript n denotes the time step. In Egs. (36) and
(37), the matrix [H] may be defined as

. (alF}Y
(HT" = (a{a}> GY

For solution by the fully implicit time-integration scheme, the
matrix [H] is required. Details of its formulation are given in
the dissertation by Lee."> Nonzero elements of [H] are given
in the Appendix.

In Eq. (35), [K.ql" and {F}" are the effective stiffness ma-
trix and effective force vector at time step ¢,, respectively. To
obtain the material displacements, pore pressure, and temper-
ature at each time step, Eq. (35) is solved for {a}"*’ simulta-
neously using a factorization procedure that is a version of
Gauss elimination with partial pivoting.'®

IV. Decomposing Carbon Phenolics

The governing equations for poroelastic material with ther-
mal and gas diffusion provided in Sec. II are applicable to
thermochemically decomposing carbon-phenolic. The mo-
mentum equations remain the same, but the generation terms
in the gas diffusion and the energy conservation equations re-
quire further specialization. The objective is to specialize and
apply the linearized theory to models of carbon—phenolic ma-
terial and simulate laboratory tests to demonstrate it and es-
tablish poroelastic parameters over a nonlinear decomposition
process.

A. Governing Equations

For the mass generation term (19) in the gas diffusion equa-
tion (12), the rate of gas mass accumulation is caused by de-
composition reactions and, from Ref. 3, is given by

omE" d(c)):

== —2 REpu(Wo) = Wl =% (39)

where RF is the weight fraction of the virgin composite that
is resin, (W,), is the fractional weight of the resin that under-
goes the ith reaction, (W), is the fractional weight of the resin
that is left as a solid residue by the ith reaction, and N is the
number of reactions. The rate of charring d(c,),/d¢ is expressed
by the Arrhenius kinetic reaction equation

d(cy)

— —AS(eNE _ (B,
dr Ai(c))] eXI-)I: ] (40)

RT

where A® and »’ are the Arrhenius constants and FE}, is the
activation energy for the chemical reaction. These constants
for carbon-phenolic are listed in Table 1.

In this work, pyrolysis gases are treated as ideal and p, in
the governing equations is obtained by the ideal gas law

ps = (MW,/RT)p (41)

The mechanical and thermal properties of dry carbon-phe-
nolic are listed in Table 2.

B. Restrained Thermal Growth and Free Thermal Expansion
Tests and Their Finite Element Models

Stokes' conducted two high-temperature experiments on
cylindrical carbon-phenolic specimens (dry FM5055), fabri-
cated so that the plane of the carbon fabric is perpendicular to
the longitudinal axis of the specimen, to determine thermo-
mechanical behavior during chemical decomposition. The re-
strained thermal growth (RTG) test measured both the stress
required to hold the specimens at a constant longitudinal strain
and the resulting lateral strain. The free thermal expansion
(FTE) test measured the resulting longitudinal strain. The spec-
imens were heated uniformly at a rate of 5.55 K/s (10°F/s),

Table 1 Constants in the decomposition model for dry carbon-phenolic

Reaction

number, { E:, J/mole Af, 1/s n' W, W
1 88,764.4 1.207305 X 10'° 3.5 0.0015 0

2 117,236 4.057500 x 10° 6.5 0.095 0

3 211,443.5 3.857777 x 10* 6.5 0.59 0.29
4 272,155 5.583611 X 10" 33 0.3 0.19

RF = 0.3, hz = 0, and MW, = 0.03 kg/mole.

Table 2 Mechanical and thermal properties of dry carbon-phenolic

Temperature range, K

Property T < 450 450 < T < 533 T > 533

E, 1.517 X 10° Pa —1.412 X 10°T + 7.87 X 10" Pa 3.447 X 10° Pa
Er 1.793 X 10" Pa —1.7449 X 10°T + 9.645 X 10'° Pa 3.447 X 10° Pa
v 0 —0.00343T + 1.83819 0

Vor 0 —0.00289T + 1.551 0

vy 0 0 0
Property Value Property Value

Br 0.000006 m/m-K b, 0.000012 m/m-K
k)vieg/ 1 5 X 107 m’s/kg kg /1t 5 X 107 m’-s/kg
(krdenae! 5 X 107" m’-s/kg (k) ebar/ 1t 5 X 1077 m’-s/kg
Do 0.02 Denar 0.20

Duicg 1500.0 kg/m Penar 1300.0 kg/m’
(Cp)sotia 1400.0 J/kg-K (Coleas 1088.0 J/kg-K
Kyolid 1.44 J/m-s-K K gas 0.0 J/m-s-K




LEE, SALAMON, AND SULLIVAN 677

Table 3 Boundary conditions for the RTG and FTE
test simulations

Location RTG test FTE test
oT 9, oT 9
r=20 =—=—p—0 =___=__IZ=O
ar or ar or
oT oT
r=a —=0,p=1atm —=0,p=1atm
i) or
aT odp
=0 =—=—=0 =—=0,p=1at
z P w pr atm
oT op oT
=b =—=-=0 —=0,p=1at
¢ Y T 6z P p m
:
4
a
z
—>
Dimension (cm) b
a b
RTG | 0.6350 | 2.54
FTE (03175 }2.54

> r

Fig. 1 Finite element mesh for the RTG and FTE test simula-
tions.

and this was controlled using thermocouples embedded in the
specimens.

The geometry, coordinate system, and finite element mesh
for the RTG and FTE test specimens are shown in Fig. 1. In
the RTG test, it was assumed that the end constraints prevent
pyrolysis gases from flowing along the axial z direction.
Hence, impermeable conditions dp/oz = O are prescribed at
z =0 and z = b. However, in the FTE test, the pyrolysis gases
do flow along the z direction, hence, to allow the gases to
escape, atmospheric pressure is specified at z = 0 and z = b.
The initial conditions are 7 = 293 K and p = 1 atm in the
model and the boundary conditions are summarized in Ta-
ble 3. -

The energy generation term (28) in Eq. (22) is simplified to
maintain a uniform temperature increase in the model. An in-
ternal heat source is prescribed in each finite element through
the integral equation

9E="
ot

— (Qim)i = j Niqimr dA (42)

where ¢, is the heat generation per unit area, and (Q,,); is an
equivalent nodal value. The value of g;,, found by trial and
error to achieve the rate of temperature increase of the speci-
men (5.55 K/s), was determined to be 11.4 X 10° J/m’s.

C. Results for the Pressure - Stress Coupling Factors «

Calculation of the pressure—stress coupling factors from
Egs. (5) and (6) for the virgin elastic composite material re-

quires an experiment, the unjacketed test.*® Unfortunately,
such an experiment for carbon-phenolic has not been con-
ducted. Moreover, after decomposition commences, Egs. (5)
and (6) are suspect because of severe changes in material mor-
phology and properties. Hence, further experiments would be
desireable. In short, requisite data to calculate these poroelastic
parameters do not exist.

Results are obtained by simulating the RTG and FTE tests
and varying «, then comparing the material response to ex-
perimental data. This was done by physical intuition and trial
and error based upon a hypothesis introduced by Lee.” This
hypothesis assumes 1) isotropic porosity, i.e., ;= a,i =1, 2,
3, 5; 2) a higher proportion of closed pores in virgin material;
and 3) increased pore channel opening under high shearing
stress action. Consequently, the pressure—stress coupling fac-
tor 1) is initially high and, if data are available, can be deter-
mined from material properties and Egs. (5) and (6); 2) de-
creases as porosity opens, thus inversely as permeability

100
°  RTG Test#1
80| ° RTG Test#2
—— AXICHAR2D
K
s
= 604
a
2
]
o
£
E 4l
%
Q
2
20
0

T i T T T T
200 300 400 500 600 700 800 900
Temperature (degree K)

Fig. 2 Restraining stress vs temperature in the RTG test simu-
lation for varying pressure -stress coupling factor.

0.03
9 RTG Test #1
° RTG Test#2
— AXICHAR2D
0.024
E
E
£
5
7]
'
2
®
-
0.01-
0

i T T T T 1
200 300 400 500 600 700 800 900
Temperature (degree K)

Fig. 3 Lateral strain vs temperature in the RTG test simulation
for varying pressure-stress coupling factor.
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0.05
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Fig. 4 Longitudinal strain vs temperature in the FTE test sim-
ulation for varying pressure-stress coupling factor.
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Fig. 5 Typical variation of the pressure-stress coupling factor
with temperature for the RTG and FTE test simulations.

increases; and 3) is further decreased if shear stress enhanhces
pore channel growth. [Note: the procedure employed here is
to guess «, then use Eqgs. (6) and (4) to compute M; hence, o
is a curve-fit parameter.]

In Figs. 2 and 3, average restraining stress and average lat-
eral strain of the RTG test simulation are plotted vs average
temperature. Also, in Fig. 4, average longitudinal strain of the
FTE test simulation is plotted vs average temperature. The
variation with temperature of the pressure—stress coupling fac-
tor « used in the RTG and FTE simulations, shown in Fig. 5,
is that for which the numerical solutions most closely match
the measured responses. Only values at corners of the curves
were adjusted, those in between corner values were linearly
interpolated. The pressure—stress coupling factor for the RTG
test simulation was decreased more than that for the FTE test
simulation because of a higher shear stress level in the RTG
test simulation. Notably for the RTG test simulation, a single
choice for the varying pressure—stress coupling factor corre-

lates with data for both restraining stress and lateral strain;
Sullivan and Salamon’ required different constant values to
achieve satisfactory results in their parametric study.

V. Conclusions

A coupled set of governing equations for a poroelastic solid
with thermal and mass diffusion is derived in a practicable
form' that requires a minimum of experimental data, yet are
sufficiently realistic to entertain engineering problems. In the
energy conservation equation, both conductive heat transfer in
the bulk solid and convective heat transfer carried by the dif-
fusive gas through the bulk porous solid are treated. The con-
vection terms in which pressure is the independent variable are
included in the energy conservation equation so that the con-
vection heat transfer by the diffusive gas is accounted for more
accurately than in Ref. 3. These convection terms are coupled
with the gas mass diffusion term in the gas diffusion equation,
and therefore, pressure appears in both the gas diffusion equa-
tion and the energy conservation equation as an independent
variable. Hence, the theory now handles the thermal and gas
diffusion in the poroelastic solid in a strongly coupled manner.

The material formulation includes the most general aniso-
tropic material under the constraints of axisymmetry, and
therefore, permits application to realistic, three-dimensional
composite structures. Importantly, the axisymmetric formula-
tion permits accurate computation of the transverse shear stress
that is hypothesized to play a significant role in pore channel
opening during material decomposition, and in turn, enables
finer definition of the pressure—stress coupling factor during
decomposition.

The coupled theory, when applied to carbon-phenolic ma-
terial tests, provides consistent and close correlations with the
experimental data using an empirically determined pressure—
stress coupling factor suggested by Lee.'” The improved cor-
relation with experimental data in simulating these tests is at-
tributed to the new formulation for the pressure—stress cou-
pling factor.

It is anticipated that the strong coupling of the equations
will play a major role in accurate computation of spatially
nonuniform thermal problems such as those encountered in
rocket liner structures during firing.

Appendix: Finite Element matrix Entrees
The elements of [C], [K], and {F} are

Koy = f N, (cnzvj, + Cu % N, + cmN,z> rda
+ L .. (c,ij,, + Cas % N, + cij,,z) rdA
+ L N, (CIZNJ-, + Cy —i— N, + CZSN/-W,> dA (A1)
(Ku)ij = J N, (CisN;, + CiaN; )r dA
4
+ f N, (CssN;, + CysN;)r dA
A

+ | N{CxsN,, + CxN;) dA (A2)

—

K.y = —J N,,a,N;r dA — f N, .asN;r dA — f N;a,N; dA
A A A (A3)

(KuT)[j = _f Ni.rQllvjr dA — f
A

A

N..OsN;r dA — f NQ,N, dA
: (A4)
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1
(Kuyj = f N, (CISMJ + Cos ; N, + CssN;',z> rdA
A

1
+ f N;, <C131Vj.r + Cy '; N, + Csij.z> rdA (A5)
A

(wa)ij = f M.r(CSSAIj.r + C351Vj.z)r dA
A

+ f N;.(CssN;, + Ci3N;)r dA (A6)
A
K,p)ij = —j N,,asN;r dA — J N..ozNr dA (A7)
A A
Kup)y = "f N;,QsN;r dA — N..OsNir dA  (A8)
A A
k, ks
(K )i' = f Ni.rp <_ N",r + = Nz) r dA
pp)ij A 3 u J; “ i
k k
+ f Ivi.z (4 <_5 ij.r + = Mz) rdA (A9)
A 12 1

oT k k.
Knp)y = =pCps f N, (; N, + ;N) rdA
oT ks ks
- p(C)y— | NN|= N, + =N, ] rda
PeCo)s 9z L (M - 122 j'>

k ks )
+ ph, | No{=N, + =N,.| rda
p.s' SL <I—L J /-L g

k k
+ poh, f N.. (—5 N, + = Nj> rdA (A10)
A M I
Ky = J N;.(«,\N;, + ksN;Jr dA
A
+ f NiArsN;, + wsN;)r dA (All)
A

(Cpu)ij = J’ Nipg(allvj,r + aSIV-:I'vZ)r dA + f Niangjvi dA
A

A

(A12)
(Codij = f Nip(asN;, + asN;)r dA (A13)
A
Ps
(Cody = | NiZE Nyr dA (A14)

A

(Cony = _j Np(a,B; + s + afs + asBs + GBIN;r dA
4 (A15)

(Crm)y = I N1 = &)plC,), + dp(C)IN;r dA (A16)

(F); = j Nit#r ds (A17)

(F.): =f Nit¥r ds (A18)

C(F)i = — Dy — Poroc) f Ni(¢)r dA — p, f NEenr ds
A 5,
’ (A19)

(Fp); = _pvirghR f

A

Ni¢,r dA — f Ni(g®)emr ds (A20)

where

QL =CuB + Cof3y + Ci3B5 + CisBs
O, = Cpf + Cufl, + Cufs + CosPs
Qs = Ci3f + CuPr + Cusfs + CasPs
Qs = CisBy + CosBr + CssBs £ Cssfs

(A21)

and where v} is the volume average gas velocity specified

along the external boundary of arc length s,, g* is the heat

flux specified on sy, n; represents components of the outward

unit vector normal to the boundaries, and ¥ and ¢ represent

traction components distributed over the external boundary of

arc length s, and s, in the r and z directions, respectively.
The [H] matrix is written explicitly as

0 00 O
0 0 06 O
H1=10 0 0 &, (A22)
0 0 0O Hpy
where
¢,
(HpT)ij = _(pvirg - pchar) iy N,~er dA (A23)
, \aT
¢,
(Hr)y; = _pVirghRJ <_> NN;r dA (A24)
|, \oT
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